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Abstract. By using the methods of Cauchy-Binet type formula and adjugate matrix
respectively, a wonderful equality relating to the elements of eigenvectors, the eigenvalues
and the submatrix eigenvalues is proved in arXiv:1908.03795. In the note, we use matrix
block to provide a new and shorter proof for the equality.
Let A be a Hermite matrix with eigenvalues λi(A) and normed eigenvectors
vi, whose eigenvector elements are written as vi,j. LetMj be an (n−1)×(n−1)
submatrix which is derived by deleting the jth row elements and the jth column
elements, and its eigenvalues are written as λk(Mj). As the main result in [1],
Tao et al. prove twice the following result applying the methods of Cauchy-
Binet type formula and adjugate matrix, respectively.
Theorem 0.1. Let A be an n× n Hermite matrix, then the following equality
holds
|vi,j|
2Πnk=1,k 6=i(λi(A)− λk(A)) = Π
n−1
k=1(λi(A)− λk(Mj)).
Proof. See [1, Lemma 2].
Because there are the same eigenvalues between the similar matrices, as
pointed out in [1], the above equality proofs regarding A and A−λi(A)En are
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equivalent, and so we may take λi(A) to be zero, further choose i = n, j = 1,
and thus obtain the following reduction form
|vn,1|
2Πn−1k=1λk(A) = Π
n−1
k=1λk(M1).
In this note, we actually take i = n, j = n and prove the following reduction
form
|vn,n|
2Πn−1k=1λk(A) = Π
n−1
k=1λk(Mn).
Since Mn is also a Hermite matrix, we have |Mn| = Π
n−1
k=1λk(Mn).
Theorem 0.2. Let A be an n× n Hermite matrix with λn = 0, then it is true
that |Mn| = |Λn||un,n|
2.
Proof. Since A be an n× n Hermite matrix with λn = 0, there exists an n× n
unitary matrix U such that U−1AU = Λ and Λ is a diagonal matrix with
λn = 0. Thus we may suppose that
A = (ai,j) =

 Mn B
B¯
′
an,n

 , U = (ui,j) =

 Un C1
C2 un,n

 , U−1 =

 U¯
′
n C¯
′
2
C¯
′
1
u¯n,n

 ,
Λ =

 Λn
0

 , Λn =


λ1
λ2
. . .
λn−1


.
We may deduce that
A = UΛU−1 =

 Un C1
C2 un,n



 Λn
0



 U¯
′
n C¯
′
2
C¯
′
1
u¯n,n

 =

 UnΛnU¯
′
n UnΛnC¯
′
2
C2ΛnU¯
′
n C2ΛnC¯
′
2

 .
2
It follows Mn = UnΛnU¯
′
n, and so |Mn| = |Λn||UnU¯
′
n|. Hence it suffices to
prove |UnU¯
′
n| = |un,n|
2, where |un,n|
2 = unu¯n. Because U is a unitary matrix,
we get that
En = UU¯
′
=

 Un C1
C2 un,n



 U¯
′
n C¯
′
2
C¯
′
1
u¯n,n

 =

 UnU¯
′
n + C1C¯
′
1
UnC¯
′
2
+ C1u¯n,n
C2U¯
′
n + un,nC¯
′
1
C2C¯
′
2
+ un,nu¯n,n

 ,
thus UnU¯
′
n + C1C¯
′
1
= En−1. We derive that
|UnU¯
′
n| = |En−1 − C1C¯
′
1
| = |E1 − C¯
′
1
C1| = |un,n|
2.
Note that C¯
′
1
C1 + u¯n,nun,n =
∑n
i=1 u¯i,nui,n = 1. The proof is complete.
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